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We develop the general quantum stochastic approach to the description of quantum
measurements continuous in time. The framework, that we introduce, encompasses the
various particular models for continuous-time measurements considered previously in the
physical and the mathematical literature.
Contents
1 Introduction
In recent years, the problem of how to describe the behaviour of a quantum system con-
tinuously observed in time has been the subject of intensive investigations in the physical
and the mathematical literature. This type of behaviour is generally not reversible in time
and, hence, in particular, can not be described by the Schro¨dinger equation whose solutions
are reversible. The present strong interest in this fundamental problem is to a large extent
caused by the rapid development of experimental techniques, where experiments involving
continuous-time (i.e. continuous in time) ‘monitoring’ of a quantum system have become
possible [19-21,31,41].
The present paper develops, in the context of continuous-time monitoring, the general
approach to the description of quantum measurements, formulated in [36,37]. The general
framework, that we introduce, encompasses the various particular models for continuous-time
measurements, considered previously in the physical and the mathematical literature. This
concerns:
• The Markovian models in the mathematical physics literature [1-10, 27,30], formulated
either in terms of stochastic dierential equations or in terms of semigroups of probabil-
ity operators or in terms of the instrumental processes with independent increments. In
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fact, the stochastic equations used in all these models generalize the quantum ltering
equation ([7-10] and references therein) which was derived in the quantum stochastic
calculus modelling framework. This modelling framework satises the principles of non-
demolition observation, introduced in [7-10]. It was, however, shown in [35] that the
case of continuous-time indirect nondemolition measurement can be considered in the
more general quantum theory setting, which is not based on the use of the essentially
Markovian measurement model of quantum stochastic calculus.
• The models of continuous-time observation in the physical literature [11,13,14,17,22-
25,34,38,39,44,47-51], including those in quantum optics. The derivation of stochastic
equations in all these models is based mostly on unraveling of the Master equation of
Lindblad type [33] (cf., for example, [39, 50,51]) or on the phenomenological introduction
of non-Markovian quantum trajectories [47-49].
As a prerequisite for our results in the main part of the paper, we review in Section 2 the
main concepts of the operational approach (subsection 2.1) and the main ideas of the quantum
stochastic approach (QSA) (subsection 2.2) to the description of quantum measurements.
Sections 3-8 then develop the formalism for the description of continuous-time measure-
ments from the general viewpoint of the QSA, formulated in [36,37]. The general scene is set
in Section 3. Section 4 introduces the notion of a posterior pure state trajectory and gives its
probabilistic treatment. The special case of Markov evolution is treated in Section 5. Section
6 establishes the notion of a measuring model of continuous-time direct quantum measure-
ment and Sections 7, 8 address the questions of continuous-time nondemolition measurement.
The nal Section 9 consists of concluding remarks.
2 Basic representations of quantum measurements
This Section reviews both the operational approach and the quantum stochastic approach to
the description of quantum measurements.
By a quantum measurement we mean a physical experiment upon a quantum system
which, resulting in the observation in the classical world of an outcome that to some degree
characterizes the quantum system, may cause a change in the state of the quantum system,
but not the quantum system’s destruction.
We distinguish between direct and indirect quantum measurements.
A direct quantum measurement corresponds to a measurement situation where we have
to describe the direct interaction between the measuring device and the observed quantum
system, while in case of an indirect measurement, a direct measurement is made of some other
quantum system, entangled with the one considered.
The term ‘generalized measurement’, as usual, corresponds to the measurement situation
with outcomes of the most general nature possible under a quantum measurement.
Let a quantum system S, described in terms of a complex separable Hilbert space H,
interact with another system (quantum or classical). The interaction, changing the initial
state ρ0 of S into a certain new state, leaves some imprint in the classical world, the imprint
being described as a point ω in some standard Borel measure space 1(Ω,F). Denote by B(H)
the Banach space of all bounded linear operators on H.
Consider rst the most general scheme of the complete statistical description of any gen-
eralized quantum measurement. This kind of description implies the knowledge of the proba-
bility distribution of dierent outcomes of a measurement and a statistical description of the
state change of the quantum system under this measurement.
1A standard Borel space is a measurable space that is isomorphic to the real unit interval. In particular,
any Polish space is standard Borel.
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